In the framework of f (T ) gravity, we focus on a weak-field and spherically symmetric solution for the Lagrangian f (T ) = T + αT 2 , where α is a small constant which parameterizes the departure from General Relativity. In particular, we study the propagation of light and obtain the correction to the general relativistic bending angle. Moreover, we discuss the impact of this correction on some gravitational lensing observables, and evaluate the possibility of constraining the theory parameter α by means of observations. In particular, on taking into account the astrometric accuracy in the Solar System, we obtain that |α| ≤ 1.85 × 10 5 m 2 ; this bound is looser than those deriving from the analysis of Solar System dynamics, e.g. |α| ≤ 5 × 10 −1 m 2 [27], |α| ≤ 1.8 × 10 4 m 2 [24] or |α| ≤ 1.2 × 10 2 m 2 [25]. However we suggest that, since the effect only depends on the impact parameter, better constraints could be obtained by studying light bending from planetary objects. * Electronic address: matteo.ruggiero@polito.it
I. INTRODUCTION
The so-called f (T ) theories [1] are a generalization of Teleparallel Gravity (TEGR) [2] [3] [4] ; the latter is a theory of gravity based on a Riemann-Cartan space-time, endowed with the non symmetric Weitzenböck connection which, unlike the Levi-Civita connection of GR, gives rise to torsion but is curvature-free. In TEGR torsion plays the role of curvature, while the tetrad, instead of the metric, plays the role of the dynamical field; the field equations are obtained from a Lagrangian containing the torsion scalar T . Actually, even if TEGR has a different geometric structure with respect to General Relativity (GR), the two theories have the same dynamics: in other words every solution of GR is also solution of TEGR.
In the f (T ) theories the Lagrangian is an analytic function of the torsion scalar T : these theories generalize TEGR and are not equivalent to GR [5, 6] . For this reason they have been considered as potential candidates to solve the issue of cosmic acceleration [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The additional degrees of freedom of f (T ) gravity are related to the fact that the equations of motion are not invariant under local Lorentz transformations [20] : for this reason it is important to suitably choose a tetrad that does not constrain a priori the functional form of the Lagrangian [21] . In recent papers [22, 23] the problem of the violation of local Lorentz invariance has been analyzed with emphasis on the role of the spin connection, and it has been showed that it is possible to obtain a fully covariant reformulation of f (T ) gravity.
Spherically symmetric solutions are important for f (T ) gravity because they can be used to constrain these theories in the Solar System. To this end, a weak-field solution for a Lagrangian in the form f (T ) = T + αT 2 (where α is a small constant which parameterizes the departure from GR) has been obtained by Iorio&Saridakis [24] : this solution has been used to constrain the α parameter in the Solar System [25] . In a subsequent paper Ruggiero& Radicella [26] have obtained a new solution for a Lagrangian in the general form f (T ) = T + αT n , with |n| = 1: we refer to the solution obtained for n = 2 as the RR solution. A preliminary analysis of the impact of the RR solution on the Solar System dynamics has been carried out in [27] .
In this paper we focus on the propagation of light in the RR space-time and study the corrections to the GR bending angle, due to the non linearity of Lagrangian. In particular, we exploit the general approach for light bending and gravitational lensing in arbitrary spherically symmetric space-times introduced in [28] , and study the lensing observables in the RR space-time. Then, we use these results to evaluate the possibility of constraining the theory parameter α.
This work is organized as follows: in Section II we briefly review the foundations of f (T ) theories, in order to obtain the RR space-time; then, in Section III, we study light propagation and, in Section IV, we evaluate the impact on the observations. Conclusions are in Section V.
II. FIELD EQUATIONS AND SPHERICALLY SYMMETRIC SOLUTIONS
In this Section, in order to make the paper self-consistent, we show how the RR solution is obtained in the framework of f (T ) gravity. To begin with, we recall that in this theory the tetrad plays the role of the dynamical field instead of the metric: given a coordinate basis, the components e a µ of the tetrad are related to the metric tensor g µν by g µν (x) = η ab e a µ (x)e b ν (x), with η ab = diag(1, −1, −1, −1). Notice that, here and henceforth, latin indexes refer to the tangent space, while greek indexes label coordinates on the manifold, and we use units such that G = c = 1 (if not otherwise specified). We get the field equations by varying the action
with respect to the tetrad, where e = det e a µ = −det(g µν ) and S M is the action for the matter fields; f is a differentiable function of the torsion scalar T : in particular, if f (T ) = T , the action is the same as in TEGR, and the theory is equivalent to GR. The torsion tensor is defined by
and the contorsion tensor by
Eventually, the torsion scalar is
The variation of the action (1) with respect to the tetrad field gives the field equations
in terms of the matter-energy tensor T ν µ ; the subscripts T , here and henceforth, denote differentiation with respect to T .
We are interested in spherically symmetric solutions that can be used to describe the gravitational field of a point-like source. To this end, we write the space-time metric in the form
where dΩ 2 = dθ 2 + sin 2 θdφ 2 is the space metric on the unit sphere.
Actually, vacuum spherically symmetric solutions are always in the form of the Schwarzschild-de Sitter metric if the torsion scalar is constant, i.e. dT /dr = 0, as it is shown in [21] . So, we can get new solutions if we assume that dT /dr = 0. To this end, we use the non diagonal tetrad introduced in [21] Indeed, a diagonal tetrad that gives back the metric in eq. (6) is not a good choice since the equations of motion for such a choice would constrain a priori the form of the Lagrangian. This is related to the lack of the local Lorentz invariance of f (T ) gravity: tetrads connected by local Lorentz transformations lead to the same metric -i.e. the same causal structurebut different equations of motions, thus physically inequivalent solutions (see [21] ).
We obtain the following field equations in vacuum (see e.g. [26] ):
The torsion scalar turns out to be
We are looking for weak-field solutions, so we can safely suppose that these solutions are perturbations of a flat background Minkowski space-time. As a consequence, we write e A(r) = 1 + A(r), e B(r) = 1 + B(r) for the metric coefficients. Furthermore, in solving the field equations (7)- (9) we confine ourselves to linear perturbations, and consider f (T ) in the form f (T ) = T + αT 2 . This Lagrangian is interesting since it can be considered as the first approximation of a power series expression of an arbitrary Lagrangian: α is expected to be a small constant, parameterizing the departure of these theories from GR (or from TEGR, which is the same). The solution is
so that we can write the RR metric in the form
In the above solution there is a correction, proportional to α, to the gravitational field (in weak-field approximation) of a point-like source of mass M; we stress that the above solution is approximated up to linear order both in M/r and α/r 2 .
III. LIGHT PROPAGATION
In order to study the propagation of light in the metric (13), we follow the general approach described in [28] for arbitrary static spherically symmetric space-times. In particular, we focus on the bending of light rays in the RR metric and, moreover, we describe the corrections to some lensing observables due to non linearity of the Lagrangian.
We start from a metric written in the form:
and we express the coefficients in power series:
where φ = − M r is the Newtonian potential. We confine ourselves to the second order approximation to make a comparison with the RR metric. On setting σ = α M 2 , from (13), (15) and (16), we get
The bending angleε can be written as a series expansion which expresses the correction to the weak-field bending angle of GR. If we define the gravitational radius 1 r g = M, the GR bending due to a mass M isε GR = 4r g b , where b is the impact parameter. The bending angle in the metric (14) can be written as 2 :
where the coefficients A 1 , A 2 are independent of M/b. In terms of the coefficients a 1 , b 1 , a 2 , b 2 ,
In particular, on taking into account (17), we get
If we explicitly write the expression ( 
The above result is in agreement with [30] , where the bending angle is calculated in spherically symmetric metrics falling as 1 r q .
1 In physical units: r S = GM c 2 . 2 We confine ourselves to the first correction to the GR value, however in [28] the bending angle is obtained up to the third order.
FIG. 1: Lens Geometry.
Let us recall the basic theory of gravitational lensing. The geometry of lensing is described in Figure 1 
The latter equation allows to obtain the angular position of the image as a function of the angular position of the source and the bending angle. We assume that the lens is static and spherically symmetric, and that both the observer and the source are in the asymptotically flat zone of space-time. Furthermore, we suppose that the light rays propagates outside the gravitational radius r g of the source: in other words, if r 0 is the distance of closest approach, we suppose that r 0 ≫ r g .
If the angles are small (weak lens approximation), the lens equation (22) 
The solution of this equation for B = 0, which describes the alignment of observer, lens and source, defines the so-called Einstein angle θ E :
which is a characteristic angular scale; correspondingly, it is possible to define the Einstein radius R E = D L θ E , which is a characteristic length scale. We scale all angular positions with θ E :
Moreover we set:
is the angle subtended by the gravitational radius of the lens. The parameter ǫ is used to expand the lensing observables in power series: from the lens equation (22) and postulating thatε is in the form (18), the image position can be written as
where θ 0 (i.e. the image position in the weak-field deflection limit) is the solution of
Accordingly, we get the images position
where θ + 0 is the positive parity image, lying on the same side of the lens as the source (β > 0), while he negative parity image θ − 0 lies on the opposite site of the lens from the source (β < 0).
The second order term turns out to be (see e.g. [28] ):
Summarizing, up to first order in ǫ; the image position can be written as
Hence, in our case, taking into account the values (19) of A 1 , A 2 , for the RR metric we
Since the actual angular positions are given by Θ = θθ E , the correction can be written as Θ 1 = θ 1 θ E ǫ, which for small angles can be estimated by
In this formalism, it is possibile to obtain the (signed) magnification µ of an image at angular position Θ, which has the general expression
. The series expansion in ǫ is written as
where
Then, on taking into account the values (19) of A 1 , A 2 , for the RR metric, we obtain
Remember that µ > 0 for the positive-parity image θ + , while µ < 0 for the negative-parity image θ − . Consequently, we see that the sign of σ = α/M 2 influences the magnification: if α > 0, µ 1 is negative, so the positive-parity image is fainter, while the negative-parity image is brighter. In principle, this could provide an observational test for the theory parameter α. The total magnification is not modified up to first order in ǫ, while the second order term is proportional to A 2 2 , hence it is null in our approximation. It is possible to work out the time delay, i.e. the difference between the actual light travel time and the travel time light would take if the lens were not present: we have
which in our case becomes
is a natural time scale of the system. Moreover, it is possible to obtain the differential time delay between the positive and negative parity images:
In particular, for the RR metric on using the values (17) of a 1 , b 1 , a 2 , b 2 we have
The order of magnitude of the first order correction to the time delay is ∆τ 1 ǫ ≃ τ E 10πσǫ.
IV. DISCUSSION
Let us discuss the possibility of constraining the theory parameter α appearing in the Lagrangian with the study of light propagation. In previous works, the Lagrangian f (T ) = T + αT 2 and, in particular, the RR solution (13), has been constrained by means of the dynamics of Solar System bodies: the upper bound for α is 5 × 10 −1 m 2 in [27] . Actually, the same Lagrangian has been constrained on the basis of astronomical observations and Solar System experiments in [25] , starting from the spherically symmetric solution obtained in [24] which, however, has been obtained by using a diagonal tetrad: as we have seen above (see also the discussion in [26] ), this fact limits the self-consistency of the solution.
From Eq. (21) we may write the deviation in the bending angle from the GR value in the form
The accuracy available in astrometry, thanks to the Very Large Baseline Array (VLBA),
is of the order of (10 ≃ 100) µas (see e.g. [31] [32] [33] ). Accordingly, we may set the following upper bound on |α|:
where we have used as reference for the impact parameter the radius of the Sun R ⊙ . We emphasize that the correction due to the non linearity of the Lagrangian is independent of the mass. Furthermore, using this upper bound, we can easily check that α R 2 ⊙ ≃ 3.8 × 10
is small enough and can safely be considered as a perturbation of the flat Minkowski spacetime, which we have assumed to obtain the RR solution.
The upper bound in Eq. (43) is looser than the one already available, deriving from the analysis of Solar System dynamics. However, since the α contribution to the bending angle only depends on the impact parameter, tighter constraints could be obtained with objects smaller than the Sun: for instance, the contribution from Jupiter would give (with the same astrometric accuracy) a bound smaller of two orders of magnitude. Perhaps, this could be of some interest for the ongoing Gaia mission [34, 35] .
Eventually, let us discuss the impact of α on lensing observables. As we have seen above in Eq. (31) Einstein radius is θ E = 7.3 × 10 −2 µas and, hence, the lensing scale is R E = 2.6 × 10 −3 pc, which is much greater than the one that we have considered above for light bending by the Sun, or Jupiter. Furthermore, according to the discussion above, the order of magnitude of the correction to the image position is
it is evident that this correction decreases with the mass of the lens and it is not effective for supermassive objects.
Similarly, we can estimate the first order correction to the differential time delay (41). It turns out to be ∆τ
again, we see that this correction decreases with the mass of the lens (θ E depends on the mass of the lens).
In summary, lensing observables in the case of supermassive objects would give poor constraints on the theory parameter α.
V. CONCLUSIONS
In the framework of f (T ) gravity, we have focused on a spherically symmetric solution for the Lagrangian f (T ) = T + αT 2 , that can be considered as the first approximation of a power series expression of an arbitrary Lagrangian. The α parameter measures the deviation from General Relativity or, which is the same, from Teleparallel Gravity. In previous works, this parameter has been constrained analyzing Solar System dynamics; here, by exploiting a general formalism that applies to spherically symmetric space-times, we have studied the deflection of light. We have obtained the correction to the GR bending angle and, moreover, using the lensing formalism, we have derived the modifications of the images position, the time delay, and the magnification.
These corrections are negligibly small for supermassive objects: this is ultimately related to the fact that the modification to the bending angle does not depend on the mass of the lens. However, the sign of α influences the magnification: images with different parity undergo opposite effects; in principle, this could constrain the sign of α.
Eventually, we have showed that the study of light deflection with the VLBA accuracy could provide constraints on α that are looser than those already available. Indeed, since the effect only depends on the impact parameter, we have suggested that the study of gravitational bending from planetary objects could give better constraints: perhaps this could be of some relevance for the astrometric missions, such as Gaia.
As a final remark, we remember that f (T ) theories generalize TEGR just as f (R) theories do for GR: indeed, in f (R) gravity (which is based on the Levi-Civita connection of GR) the gravitational Lagrangian depends on a function f of the curvature scalar R (see [36] [37] [38] and references therein): when f (R) = R the action reduces to the usual Einstein-Hilbert action, and Einstein's theory is obtained. Both theories, as discussed in the above references, have been considered to explain observations at large cosmological scales, so it is in general expected that their impact at the Solar System scale is very small, as we have discussed in this work. We have investigated lensing in f (R) gravity elsewhere [39] , and we have showed that the non linearity of the Lagrangian could be relevant for distant galaxies or clusters of galaxies acting as lenses. However, in order to make a possible comparison between f (T ) and f (R) gravity on the basis of lensing observables, it is necessary to generalize the simple point-like lens model that we have used in this paper. [2] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An Introduction, Springer, Dordrecth, (2012), "Teleparallel Gravity" at http://www.ift.unesp.br/users/jpereira/tele.pdf.
